The BCJ decomposition is a highly non-trivial property of gauge theories. In this paper we systematically construct an effective Lagrangian, whose Feynman rules automatically produce the BCJ numerators. The effective Lagrangian contains non-local terms. The difference between the standard Yang-Mills Lagrangian and the effective Lagrangian simplifies to zero.
Introduction
In a recent paper [1] Bern, Carrasco and Johansson (BCJ) conjectured that tree amplitudes in massless gauge theories can always be put into a form of a pole expansion, such that the kinematical numerators of this form satisfy anti-symmetry and Jacobi-like relations, whenever the associated colour factors do. This conjecture has triggered significant research in this direction .
The BCJ conjecture has several important consequences: First of all, the conjecture leads to additional relations between colour-ordered partial amplitudes. These relations are called the BCJ-relations and they reduce the number of independent colour-ordered partial amplitudes. The colour decomposition of a n-point tree amplitude involves (n − 1)! colour-ordered partial amplitudes. The Kleiss-Kuijf relations [34, 35] reduce the number of independent ones to (n − 2)!. The BCJ relations reduces this number further down to (n − 3)!. The BCJ relations have been proven first with methods from string theory [6, 7, [11] [12] [13] [14] and later within quantum field theory with the help of on-shell recursion relations [18] [19] [20] .
Secondly, the BCJ relations can be applied to the integrand of loop amplitudes. In this case they relate non-planar amplitudes to planar amplitudes. This is advantageous, since planar amplitudes are considered to be "easier" than non-planar amplitudes.
Thirdly, the BCJ relations have implication for gravity [1] [2] [3] [4] 8] . In simple terms, gravity amplitudes can be thought of as Yang-Mills amplitudes, where the structure constants of the Lie algebra have been replaced by another copy of the BCJ numerators.
Given the existence of the BCJ decomposition it is a natural question to ask how to construct the BCJ decomposition. It is a non-trivial task to find a systematic and efficient procedure to determine the BCJ numerators. The construction of the BCJ decomposition is complicated by the fact that the BCJ numerators are not unique. In fact, they can be modified by generalised gauge transformations [1, 25] . It should also be noted, that the BCJ numerators are not required to be local. Up to now, the construction of the BCJ numerators has been considered mainly at the amplitude level [10, 23, 24, 36] or by using the pure spinor formalism of string theory and BRST covariant building blocks [13, 14] .
In this paper we take a different approach and ask, if it is possible to write down an effective Lagrangian, whose Feynman rules automatically produce the correct BCJ numerators. A first step in this direction was already done in [2] , where an effective Lagrangian was given which generates the BCJ numerators for tree amplitudes up to five particles. In this paper we present a systematic algorithm for the construction of an effective Lagrangian with the property that this Lagrangian generates the BCJ numerators for tree amplitudes up to n particles. We give explicit results for the n = 6 case. The algorithm proceeds inductively and adds new vertices with increasing valency to the standard Yang-Mills Lagrangian. These additional terms are a complicated zero, therefore the difference between the standard Yang-Mills Lagrangian and the effective Lagrangian simplifies to zero. However, these additional terms ensure that the BCJ relations hold. The effective Lagrangian is not unique, reflecting the fact that the BCJ decomposition is not unique. We therefore have to make a choice and select one particular form of the additional terms from the set of all possible additional terms. Since the algorithm proceeds inductively, a choice has to be made at each order n. We point out that choices made at orders < n will affect the set of possible terms at order n. We mention that our algorithm can also be used to construct the most general allowed effective Lagrangian by parametrising the non-uniqueness with free variables.
This paper is organised as follows: In section 2 we review the basic concepts: We start from the standard Yang-Mill Lagrangian, review the colour decomposition and discuss Jacobilike relations. We then introduce a notation for trees and finally state the BCJ decomposition. Section 3 contains the main part of this article and is devoted to the effective Lagrangian. We first introduce the principles of the effective Lagrangian by discussing the example for n = 5. We then present a systematic algorithm for the construction of the effective Lagrangian for arbitrary n. Finally, we give explicit results for n = 6. Section 4 contains our conclusions. In an appendix we collected the more technical parts: Appendix A shows how to obtain the colour-ordered Feynman rule from an operator with n fields. Appendix B presents an algorithm to find all inequivalent tree topologies for Jacobi-like relations.
Review of the basic concepts
In this section we recall the necessary background. In sub-section (2.1) we start from the standard Lagrange density for Yang-Mills theory. In sub-section (2.2) we specialise to Born amplitudes and discuss the colour decomposition as well as the Kleiss-Kuijf relations. Sub-section (2.3) is devoted to Jacobi-like relations. The following sub-section (2.4) introduces our notation in connection with trees. With this preparation the BCJ decomposition can be stated in subsection (2.5).
The conventional Yang-Mills Lagrangian
The conventional Lagrange density for Yang-Mills gauge theory is given by
where the field strength is as usual given by
The generators T a of the gauge group satisfy
The second equation defines the normalisation of the generators used in this article. It is convenient to introduce the Lie-algebra valued field
together with the corresponding field strengths
In terms of these quantities the Yang-Mills Lagrangian can be written as
As usual we need to fix the gauge. In this paper we work in Feynman gauge. The gauge fixing term is given by
The gauge-fixing procedure will also introduce Faddeev-Popov ghosts. However, in this paper we are mainly concerned with Born amplitudes to which ghosts do not contribute.
A typical example of a non-Abelian gauge theory is QCD with the gauge group SU (3). In analogy with QCD we will call in this paper the gauge bosons "gluons" and the gauge degrees of freedom "colour degrees of freedom". However, in our paper nothing is specific to the gauge group SU (3) and all arguments are valid for a general gauge group G.
Colour decomposition
The tree level amplitude with n external gluons may be written in the form
where the sum runs over all non-cyclic permutations of the external gluon legs. The quantities A n , called the partial amplitudes, contain the kinematic information. They are colour-ordered, i.e. only diagrams with a particular cyclic ordering of the gluons contribute. The partial amplitudes are conveniently calculated from colour-ordered Feynman rules. The colour-ordered Feynman rules for the three-gluon and four-gluon vertex are
Due to the cyclic ordering of the partial amplitudes we have
There are (n − 1)! partial amplitudes appearing in eq. (8) . We may use the cyclic property to fix leg 1 in the first position. The (n − 1)! partial amplitudes in eq. (8) correspond then to the (n − 1)! permutations of the legs 2, ..., n. The (n − 1)! partial amplitudes are not independent. The Kleiss-Kuijf relations [34] give linear relations between these partial amplitudes. To state the Kleiss-Kuijf relations we let
and β T = (β n−2− j , ..., β 1 ). The Kleiss-Kuijf relations [34, 35] read
Here, α X β T denotes the set of all shuffles of α with β T , i.e. the set of all permutations of the elements of α and β T , which preserve the relative order of the elements of α and of the elements of β T . The Kleiss-Kuijf relations reduce the number of partial amplitudes to (n − 2)!. This follows immediately from eq. (12) , which allows to express any partial amplitude, where n does not appear in the last position as a linear combination of partial amplitudes, where n appears in the last position. Therefore all partial amplitudes can be expressed in terms of the (n − 2)! partial amplitudes A n (1, σ 1 , ..., σ n−2 , n). We will soon see that due to the BCJ decomposition there are further relations among the partial amplitudes, which reduce the number of independent partial amplitudes down to (n − 3)!.
Jacobi-like relations
The Jacobi identity satisfied by the structure constants of a Lie algebra reads
Equivalently the Jacobi identity can be written as
We may represent the Jacobi relation graphically as follows: 
We may take eq. (15) as the definition of an abstract Jacobi-like relation. Of particular interest is the case where the three-valent vertex is anti-symmetric:
In this case we may rewrite eq. (15) 
Eq. (17) is usually called a STU-relation. If eq. (17) holds we may reduce any tree graph with n external legs and containing only three-valent vertices to a multi-peripheral form with respect to 1 and n. We say that a graph is multi-peripheral with respect to 1 and n, if all other external legs connect directly to the line from 1 to n, i.e. there are no non-trivial sub-trees attached to this line. A graph in multi-peripheral form can be drawn as
...
Repeated use of eq. (17) reduces any tree graph with non-trivial sub-trees attached to the line from 1 to n to a multi-peripheral form.
Trees
In this paper we are concerned with trees, which have a fixed cyclic ordering of the external legs and which contain only cubic vertices. Let us assume that we consider trees with n external legs, which are labelled clockwise (1, 2, ..., n). If we single out one specific external leg (usually we take the last leg n), we speak of a rooted tree, the root being given by the external leg which we singled out. We may specify a rooted tree by brackets involving the remaining legs, for example
denotes the rooted tree For n = 3 there is only one rooted tree
for n = 4 there are two rooted trees
while for n = 5 there are five trees
The five trees for n = 5 are shown in fig. 1 . Multi-peripheral trees with respect to the line from 1 to n are given in this notation by
The number f (n) of cyclic-ordered rooted trees with three-valent vertices and n external legs is easily obtained recursively through
A closed formula is given by [1] 
We denote by T n the set of all cyclic-ordered rooted trees with three-valent vertices and n external legs. Given a rooted tree T = [T 1 , T 2 ], where T 1 and T 2 are sub-trees, we define two operators L and R, which pick out the left and the right sub-tree, respectively:
For a two-tree (or atomic tree) T = j we define
In addition we consider non-rooted trees. We define a concatenation operation for two rooted trees: Let T 1 and T 2 be two rooted trees with roots r 1 and r 2 . Then we denote by (T 1 , T 2 ) the non-rooted tree obtained from T 1 and T 2 by joining the two roots by an edge. As an example we have:
The concatenation operation is symmetric:
If T 1 , T 2 and T 3 are rooted trees, we have the obvious relations
Every rooted tree can be viewed as a non-rooted tree by simply forgetting that one external leg has been marked as a root. In order to keep the notation in this paper as simple as possible, we will not distinguish between rooted trees and non-rooted trees in the case where only properties of non-rooted trees are required.
The BCJ decomposition
We now come back to the Born partial amplitude A n (1, ..., n) with n external gluons. We label the momenta of the outgoing gluons as p 1 , ..., p n . Momentum conservation reads
We introduce the notation
and
We fix leg n as root and we consider a rooted tree T ∈ T n . The rooted tree T has n external legs and (n − 3) internal edges. We denote by D(T ) the product of the invariants corresponding to the (n − 3) internal edges. For example
We further denote by p(T ) the momentum flowing into the root and by s(T ) = p(T ) 2 the corresponding invariant. As an example we have
The BCJ decomposition states that the partial amplitudes can be written as
where the denominators D(T ) have been defined above and where the numerators N(T ) satisfy the following anti-symmetry and Jacobi-like relations: To state the anti-symmetry relation we consider sub-trees T 1 , T 2 , T 3 such that
are (non-rooted) trees with n external legs. The anti-symmetry relation requires that
For the Jacobi-like relation we consider sub-trees
are again trees with n external legs. The Jacobi-like relation reads then
It is a highly non-trivial statement that any partial amplitude A n can be written in the form of eq. (37) such that the numerators satisfy the relations in eq. (39) and eq. (41). Starting from the conventional Lagrangian in eq. (1) and using the colour-ordered Feynman rules of eq. (9) will in general not lead to the above mentioned form. The problem within the conventional colourordered Feynman rules is caused by the four-gluon vertices. Each four-gluon vertex reduces the number of propagators by one and we have to insert factors like s/s to restore the original number of propagators. The challenge is to insert the right factors in the right place. It is known that the BCJ decomposition is not unique. One might be tempted to take this as a positive news, since it increases the chances to find a particular BCJ decomposition. However, this freedom complicates actual calculations: The BCJ decomposition at n-points depends on choices made at lower points. One should think about this freedom as though no additional conditions has been identified which singles out a unique representative. The fact that partial amplitudes can be written in the form of eq. (37) with numerators having the properties of eq. (39) and eq. (41) leads to additional relations beyond the Kleiss-Kuijf relations among the partial amplitudes. These additional relations reduce the number of independent partial amplitudes to (n − 3)! [1] .
At this point, a technical remark on the BCJ decomposition is in order: Consider a graph contributing to the colour-ordered n-point amplitude A n and consisting only of three-gluon vertices.
This graph contains (n − 2) three-valent vertices. Each three-gluon vertex brings in a momentum q µ , where q is a linear combination of the external momenta. For the external particles we have n polarisation vectors ε µ i . Therefore there are n polarisation vectors ε µ i and (n − 2) momentum vectors q µ j , which have to be contracted into each other. It follows that there is at least one scalar product ε i 1 · ε i 2 , where two polarisation vectors are contracted into each other. Maximally we can have [n/2] scalar products of the type ε i 1 · ε i 2 , where [n/2] denotes the largest integer smaller or equal to n/2. We can therefore write
where A n, j contains exactly j scalar products of the type ε i 1 · ε i 2 . For the lowest point functions we have
The leading terms A n,1 are obtained from three-gluon vertices only. The presence of a four-gluon vertex will increase the number of scalar products ε i 1 · ε i 2 by one. The leading terms A n,1 satisfy the BCJ relations automatically. For the BCJ decomposition we are concerned with the terms A n, j with j ≥ 2.
The effective Lagrangian
The Yang-Mills Lagrangian can be written as
with
We can write the term L (4) as
The subscripts on the derivatives indicate on which fields they act. The differential operators ∂ 34 = ✷ 12 . Leaving the two factors uncanceled keeps the information on the assignment of terms to diagrams with three-valent vertices only. The trace encodes the colour information, and the propagator corresponds to the tree structure of the colour. It is therefore convenient to make the following definition: We denote by D −1 the product of factors (−1)/✷ for all intermediate propagators corresponding to the tree structure of the colour. The definition is such that in momentum space the inverse operator D agrees with the previously introduced quantity D, defined just before eq. (35) . As an example we have:
With this notation we can write L (4) as
The interaction term in eq. (47) leads to the Feynman rule
Since p 2 12 = s 12 and p 2 23 = s 23 , eq. (48) reduces to the standard colour-ordered Feynman rule for the four-gluon vertex given in eq. (9). However, eq.(48) assigns the individual terms to s-channel and t-channel diagrams and this assignment generates the correct BCJ decomposition up to four gluons.
In order to obtain the BCJ decomposition for higher-point gluon amplitudes we generalise eq.(49) and write
The notation is such that L (n) contains n fields. Of course, in order for eq. (49) to agree with eq. (44) the terms L (n) with n ≥ 5 have to be equivalent to zero. However, we will write the zero in a special way. The terms L (n) with n ≥ 5 are constructed such that they generate the BCJ decomposition for gluon amplitudes up to n gluons. They have a form similar to eq. (47):
where O µ 1 ...µ n (n,t, j) is a differential operator of degree (n − 4),D −1 is a pseudo-differential operator of degree (8 − 2n) to be defined below and T (n,t) µ 1 ...µ n contains n fields and encodes the colour information. For a given n, there can be more than one term, indicated by the two sums over t and j. The first sum over t allows to have inequivalent trees appearing in T and corresponds to the decomposition in eq. (42). As already mentioned we do not need a term for j = 1. We require that T (n,t) µ 1 ...µ n vanishes for n ≥ 5 due to the Jacobi identity. This ensures L (n) = 0 for n ≥ 5. To given an example we can take
The term L (5) is equal to zero due to the Jacobi identity involving the expressions 
If T 1 , T 2 and T 3 are arbitrary trees, each of the three terms above contains exactly one internal line not contained in the other two terms. We call this line "the line marked by the Jacobi identity". We can now give the definition ofD −1 : When acting on a colour structure containing the Jacobi identity the operatorD −1 will give for each term the previously defined D −1 times a factor (−✷) in the numerator for the marked propagator. As an example we havê
As in the example (48) we do not cancel common expressions in the numerator and in the denominator. The denominator defines the relevant tree structure, while the operators in the numerator contribute to the BCJ numerators. We thus have for the example in eq. (51)
The operator O
is not unique, for the following three reasons: First of all the same operator can be written in a different way. To give an example, the term
will generate exactly the same Feynman rule. By a suitable relabelling of the indices and the use of momentum conservation (or equivalently the vanishing of a total derivative) the two operators can be shown to agree. Secondly, there are operators which generate a Feynman rule, which agrees with the previous one when restricted to the five-particle on-shell kinematics. In other words, the Feynman rules differ only by terms proportional to p 2 i with i = 1, ..., n. Thirdly, and most importantly, there are operators which generate a non-vanishing Feynman rule, whose contribution to the BCJ relations vanishes. An example of this kind would be an operator of the form
where λ is a free parameter. This was already noted in [4] .
The algorithm to construct an effective Lagrangian
We now present an algorithm to construct an effective Lagrangian of the form as in eq. (49)
whose Feynman rules automatically produce the BCJ numerators. The algorithm proceeds inductively. We assume that all terms L (2) , L (3) , ..., L (n−1) have already been constructed and we show how to construct L (n) . With the remarks of the previous section it is clear that the construction is not unique. Therefore our algorithm gives one choice out of many possible choices.
We remark that the choices made for the terms L ( j) with j < n will affect the term L (n) . We construct L (n) in the form of eq. (50)
We proceed through the following steps:
1. We first determine all inequivalent tree topologies T (n,t) µ 1 ...µ n for the Jacobi relations. An algorithm to do this is given in appendix B. For a given n, this defines a set
2. For a given n, a given j (with 2 ≤ j ≤ [n/2]) and a given t (with 1 ≤ t ≤ t max ) we then consider all possibilities for the operator O µ 1 ...µ n (n,t, j) . In general, this operator can be written as a sum of terms, each term containing j factors of the metric tensor. The operator is of degree (n − 4). Therefore it follows that the operator contains (n − 2 j) derivatives with open indices, while (2 j − 4) derivatives are contracted into each other. We can characterise each term in the operator O µ 1 ...µ n (n,t, j) by a permutation σ of the set (1, ..., n) and a multiindex i = (i 1 , ..., i n−4 ), where each component takes values in the range 1 ≤ i j ≤ n for 1 ≤ j ≤ (n − 4). We consider terms of the form
For each term of this form we generate the Feynman rule. The procedure how to obtain the Feynman rule is outlined in appendix A. We consider two terms to be equivalent if they lead in the on-shell kinematics and up to a sign to the same Feynman rule. For each equivalence class we keep only one representative. At this point we make a choice. Let us define a function θ(σ, i), which takes the values one and zero, depending whether the corresponding term is kept or not. We therefore have the following ansatz for O
with unknown coefficients c n,t, j,σ,i .
3. We insert this ansatz into the t max BCJ-relations defined by the set in eq. (58). We extract the coefficients of the monomials in the independent scalar products of ε i · ε j , ε i · p j and p i · p j . Requiring that these coefficients vanish defines a system of linear equations for the unknown coefficients c n,t, j,σ,i . We then solve for the coefficients c n,t, j,σ,i . Usually the solution will not be unique. For n = 5 this non-uniqueness corresponds to the freedom of adding terms of the form as in eq. (55). We are only interested in one specific solution. We therefore make a choice and pick one solution. This defines O µ 1 ...µ n (n,t, j) and in turn L (n) .
We remark that in step 2 not all possible combinations of σ and i have to be considered. Due to permutation symmetries and momentum conservation we can impose the following restrictions:
These restrictions are helpful in speeding up the computation. We further remark that the system of linear equations in step 3 has a block triangular form. We can first consider only monomials involving exactly two scalar products of the type ε i 1 · ε i 2 .
The coefficients of these monomials will yield equations involving only the variables c n,t,2,σ,i . In general, the coefficient of a monomial involving j scalar products of the type ε i 1 · ε i 2 will yield equations with variables c n,t, j ′ ,σ,i with j ′ ≤ j.
Results
We now present an effective Lagrangian of the form
up to n = 6. This Lagrangian generated the correct BCJ relations up to n = 6. The terms L (2) and L (3) read
The term L (4) has been given in eq. (47)
The terms L (5) and L (6) are of the form
For n = 5 there is only one tree structure and also the sum over j reduces to a single term. Thus t = 1 and j = 2. The tree structure is given by Tr T (5,1)
is not unique and we make the choice already given in eq. (53):
For n = 6 we have two tree structures Tr T (6,1)
In addition we can now have j = 2 or j = 3. We thus have four operators O µ 1 µ 2 µ 3 µ 4 µ 5 µ 6 (6,t, j) with t ∈ {1, 2} and j ∈ {2, 3}. A possible choice is
In addition we obtain the full set of additional operators at n = 6, which can be added to the Lagrangian without violating the BCJ relations. These operators are the analog of the five-point operator given in eq. (55). This list, as well as all results for n > 6 are rather lengthy and not presented here.
Conclusions
In this paper we have presented a systematic method to construct an effective Lagrangian which (i) agrees with the standard Yang-Mills Lagrangian in the sense that the difference between the two Lagrangians simplifies to zero, and which (ii) generates the BCJ decomposition automatically. The second property is the non-trivial property of our Lagrangian. The algorithm presented here will be useful for a more detailed study of the BCJ relations and in particular for the implications for gravity. We presented explicit results for n up to 6. 
A Feynman rules
Suppose the interaction Lagrangian is given by
where O a 1 ...a n ,µ 1 ...µ n is a pseudo-differential operator of degree r = (4 − n) and ∂ j is a derivative acting only on the field A a j µ j . Then the full Feynman rule for the vertex (including colour) is
where the momenta p j are out-going and the sum is over all permutations. Suppose now that
We can split the summation over S n into S n /Z n and Z n and obtain
The colour-ordered Feynman rule reads
Let us now consider a tree T with n external legs in the cyclic order (1, ..., n) and let us denote by T µ 1 ...µ n a representation of this tree made out of commutators and fields A µ i . To give an example the representation of the tree
is given by
The tree T has (n − 2) vertices and when drawn as a rooted tree there are 2 n−2 ways of swapping at each vertex the two branches not connected to the root. Each possibility defines a different cyclic order of the external legs. Hence we obtain a set of permutations of the external legs, which we denote by B n (T ). Let us now consider a term of the form
Using the anti-symmetry of the commutators we can write this term equally well as
where n swap (π) denotes the number of swaps needed to arrive at the permutation π. Relabelling the indices we arrive at
and at the colour-ordered Feynman rule
Next we consider an interaction Lagrangian of the form
The symbol J denotes the sum over the three permutations of the Jacobi identity. It is convenient to define three trees, corresponding to the three terms in the Jacobi identity. We denote these trees by T 1234 , T 2314 and T 3124 . They correspond to
In addition we define three permutations by
We further denote
We need a little bit more of notation. We denote by T (1, ..., n) a tree with the cyclic order (1, ..., n). By abuse of notation we denote by (πT ) the tree we obtain from the original tree T by performing all swaps to arrive at the permutation π. (πT ) has then the cyclic order (π(1), ..., π(n)). We further denote by
the above constructed tree (πT ), where the external legs have been relabelled as (1, ..., n). Similarly, we denote by (τ j T ) ( j ∈ I) the tree obtained from T by performing the Jacobi operation corresponding to τ j . This tree has then the cyclic order (τ (1), ..., τ(n)). With the definitions as above we have for example T 2314 = τ 2314 T 1234 . We further denote by 
Finally, we consider an interaction term in the Lagrangian of the form 
B Inequivalent tree topologies
In this appendix we discuss how to find the inequivalent tree topologies which we have to consider for the Jacobi relations. It is clear that for a Jacobi relation we have to consider trees with at least four external legs. Furthermore, each of the three terms in the Jacobi relation has a marked propagator. Therefore we can represent one term in the Jacobi relation by
The marked propagator corresponds to the root of the sub-tree T 12 (or equivalently to the root of the sub-tree T 34 ). We call two trees T and T ′ of the form as in eq. (92) equivalent, if they differ only through the following three operations:
1. Cyclic property of (..., ...): 
where T a and T b are sub-trees at one vertex of T 12 (T 34 ). The sign is not important as long as we are only concerned with (in-)equivalent trees.
3. Jacobi operation:
It is then a relatively easy exercise to write a computer program, which determines all classes of inequivalent trees of the form (92). Within a given class we can choose any member as a representative. Up to n = 8 we have the following classes of inequivalent trees: 
